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INTRODUCTION 
The purpose of this  paper i s  to present  a new model fo r  
c i l iary propulsion intended to  rectify cer tain deficiencies in the 
existing theoretical models. The envelope model has been devel- 
oped by severa l  authors including Taylor (195 l ) ,  Reynolds (1 965), 
Tuck (1968), Blake (1971a, b, c )  and Brennen (1974); i t  employs 
the concept of representing the ci l iary propulsion by a waving 
mater ia l  sheet enveloping the tips of the cilia. The principal 
limitations of this approach, a s  discussed in  the review by Blake 
and Sleigh (1974), a r e  due to the impermeabili ty and no-slip con- 
ditions imposed on the flow a t  the envelope sheet (an assumption 
not fully supported by physical observations) and the mathematical 
necessi ty  of a smal l  amplitude analysis.  
In a different approach, Blake (1972) introduced the sub- 
layer model for  evluating the flow within a s  well  a s  outside the 
cil ia layer by regarding each cilium a s  an  individual slender body 
attached t o  a n  infinite f la t  plate i n  a regular  a r r ay .  The flow 
equations and the no-slip condition a t  the plate a r e  satisfied by a 
distribution of Stokes flow force  singularit ies along each cilium. 
The  strength of these singularit ies i s  determined by considering 
the relative velocity between an individual cil ium element and an 
"interaction velocity" which i s  taken to  be the paral le l  steady flow 
which the r e s t  of the ci l iary a r r a y  i s  supposed to create .  The re -  
sulting complicated integral equations a r e  then solved numerically 
fo r  the mean velocity profile. As pointed out by Wu (1973) and 
Brennen (1974), the pr imary deficiency in the sub-layer model is 
caused by neglecting the oscillatory component of the "interaction 
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velocity". F r o m  a physical standpoint, since the velocity of the 
cil ia is typically 2 to 3 t imes  the velocity of the mean flow they 
produce (Sleigh and Aiello (1972)), one might expect the magnitude 
of the oscillatory velocities to  be considerable. Therefore the 
velocity that each cilium "sees" a t  any instant during i t s  beat cycle 
is likely to be quite different f r o m  the paral le l  mean flow alone. 
In the traction-layer model developed in this paper, the 
discrete  forces  of the cil ia ensemble a r e  replaced by a n  equivalent 
continuum distribution of a n  unsteady body force  within the ci l ia  
layer,  and in  this  discrete-to-continuum force  conversion the 
oscillatory velocities a s  wel l  a s  the mean flow a r e  taken into ac-  
count. Expanding upon the prototype model of Wu (1973), a solu- 
tion to the fundamental fluid mechanical equations satisfying the 
appropriate boundary conditions i s  obtained in t e r m s  of a n  un- 
steady body force field. This  field, which depends upon the move- 
ment  of the ci l ia  and the "interaction velocity", i s  meant to  be 
equivalent t o  the combined effect of the cil ia ensemble in generating 
the resul tant  flow field. The "interaction velocity", upon which 
the force  field depends, i s  determined f r o m  the instantaneous 
velocity of the local fluid. The final velocity field i s  then obtained 
by a simple and direct  numerical  i terat ion of the given solution. 
Since in typical organisms the thickness of cil ia layer i s  
smal l  compared with the body dimensions, the geometry of the 
model may be taken a s  a n  infinite, f la t  layer of distributed body 
force  and the cil ia a r e  assumed t o  exhibit planar beat patterns.  
It has  been fur ther  demonstrated that flow field solutions for  in- 
finite models may be profitably employed a s  local approximations 
for finite organisms (see Blake (1973) and Brennen (1974)). Both 
symplectic and antiplectic metachrony a r e  considered, the exten- 
sion to other types of metachrony being evident f r o m  the discussion 
DESCRIPTION OF THE MODEL 
We consider a hypothetical planar organism of infinite 
extent whose cil ia a r e  distributed in  a regular  a r r a y  of spacing a 
in the X direction and b in  the Z direction in  a Cartesian co- 
ordinate sys tem fixed in  the organism (see Figure 1). Each cilium 
is assumed to perform the same  periodic beat pattern in a n  XY 
plane, with a cbnstant phase difference between adjacent rows of 
cil ia,  such that the metachronal  wave propagates in  the positive 
X direction. 
As already explained, the cent ra l  concept of this model i s  
to replace the discrete  forces  of the cil ia ensemble by an  equiva- 
lent continuum distribution of a n  unsteady body force  field _F(X, Y ,  t). 
The vector function _F(X, Y,  t )  specifies the instantaneous force  
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Figure 1. Il lustration of the coordinate sys tem and regular  a r r a y  
of cilia. The spacing in  the X direction i s  a, while in  the  Z 
direction it i s  b. 
acting on a unit element of fluid centered a t  position (X, Y ,  Z )  and 
a t  t ime t ,  the fluid element being of unit depth in  the Z direction. 
Fo r  metachronal waves, _F i s  a periodic function of 
$(X, t )  = kX-at, where w i s  the angular frequency of the ci l iary 
beat and k = 2v/X, X being the metachronal wavelength. There-  
f o r e  _F can be expanded in a Four ie r  s e r i e s  of the f o r m  
where Re stands for  the r e a l  part ,  i = n, and the Fourier  co- 
efficients F (n > 1) may be complex functions of Y. Fur ther ,  
since the c ~ ? a  a r e  of finite length L, _F will vanish above the 
ci l ia  layer or  equivalently 
F(X, Y,  t )  = 0 for  Y > Y L(kX - wt) (2.2) 
where Y = YL(kX - w t )  i s  the thickness of the cil ia layer ,  which 
depends on 4(X, t ) .  The Four ie r  coefficients En corresponding 
to  the distribution (2. 1) will therefore vanish for  Y > L, 
F ( Y )  = 0 for  Y > L, n a o .  
11 (2. 3 )  
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SOLUTION O F  THE FLUID MECHANICAL P R O B L E M  
The Navier-Stokes equations for  the flow of an  incompres-  
sible Newtonian fluid in two dimensions may be wri t ten a s  
where P i s  the pressure ,  U and V a r e  the X and Y compo- 
nents of velocity respectively, F and G a r e  the X and Y com- 
ponents of body force  _F, p i s  the density, and v the kinematic 
viscosity. Here  and in the sequel, X,Y, and t in  subscript  de- 
note differentiation. The continuity equation, UX t Vy = 0, will 
be satisfied by a s t r eam function Q defined by U = ikyl and 
1 V = -QX. If we non-dimensionalize a l l  variables using k-1, w' , 
and pvk-lo- l  a s  the re ference  length, t ime, and m a s s  scales  
respectively, the equations of motion in non-dimensional variables 
(lower case)  become 
where 7 = at, and R = w/vk2 0 
which i s  taken to  be much l e s s  
The 
zati  
i s  the oscillatory Reynolds number 
than unity a s  i s  generally the case. 
x and y components of equation 2. 1, after non-dimensionali- 
.on, become 
This  suggests that we seek solutions for  + and p of the f o r m  
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Substituting equations (3. 5 ) -  (3. 8 )  into equations (3. 3) and (3 .  4), 
and equating the appropriate Four ie r  coefficients, we obtain, 
a f te r  some simplication, 
where Im re fe r s  to the imaginary part ,  an  overbar signifies the 
complex conjugate, and .rrn = nign - (f ) (n >, 1). Y 
The boundary conditions with respec t  to  the reference 
f r ame  fixed in  the organism a r e  a s  follows. F i r s t  we impose the 
no-slip condition a t  the wall, which requi res  a l l  the Four ie r  com- 
ponents of velocity to vanish there ,  that i s  
Second, since we a r e  considering an  organism which i s  propelling 
itself a t  a constant finite speed, we requi re  that the mean velocity 
remain  bounded while the "AC" components of velocity vanish as  
y +m. Hence 
Integrating equations (3. 9) and (3. 10) and applying the 
boundary conditions (3. 13) and (3. 14) along with the condition 
(2. 3) yields for  the mean velocity and pressure  
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where  p, i s  a n  a rb i t r a ry  constant. Note that a s  a resul t  of equa- 
t ion (2.3),  the zeroth order  t e r m s  (in Ro) of uo and po a r e  con- 
s tant  for y = kY > kL. The f i r s t  o rder  t e r m s  come f r o m  the 
coupling of the "AC1' velocities in  the nonlinear iner t ia l  t e r m s  of 
t he  fundamental equations. The solution to equation (3. 11) subject 
t o  equations (3. 13), (3. 14) and (2. 3) i s  
1 
+ n = ~ [ ~ n ( y ) e n Y + ~ n ( y ) e - n Y ]  + O ( R o ) ,  where (3.17) 
4n 
The  harmonic x and y velocities, un = Re [ (+, ) y e  ni(x-7) ] and 
vn = - ~ e [  ni+nenl(x-r)], n > 1, decay like e-nY. The dimensional 
velocities Un and Vn a r e  obtained by simply multiplying un 
and vn by c = o/k, the wave speed. The solution fo r  the har -  
monic pressure  coefficients may be determined f r o m  equations 
(3. 12) and (3. 17) directly. 
Finally we observe that for  the cil ia layer to be self-  
propelling the condition of ze ro  mean longitudinal force  acting on 
the organism can be expressed by 
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where p = pv  i s  the dynamic viscosity coefficient; the mean 
shearing force  exerted by the fluid on the wall balances the mean  
fo rce  per unit a r e a  of the organism's  surface due to the react ion 
of the fluid to the ci l iary body force  field. It i s  of in te res t  t o  note 
that the present solution, given by equations (3.  15)-(3. 19), auto- 
matically sat isf ies  condition (3.2 0) required for  self -propulsion 
when the mean force  &(y) of the ci l iary layer i s  regarded a s  
known. This  i s  i n  effect a consequence of the boundary condition 
imposed a t  infinity, a s  Taylor  (1951) pointed out. T o  a n  observer  
in a f r ame  fixed with the fluid a t  infinity (the lab f rame) ,  the or  - 
ganism is  moving with a constant velocity and hence, by conser-  
vation of momentum, must  have z e r o  net force acting on it. 
FORCE EXERTED BY A CILIUM 
In the preceding section the solution to the fluid mechanical 
problem was given a s  if the body force  field _F were  known a 
priori .  Since in practice this i s  not the case,  we need t o  develop 
a means of determining _F. As an  initial  step in this regard,  we 
consider the force  exerted on the fluid by a single cilium. 
In order  to  calculate the viscous force exerted by an elon- 
gated cylindrical body moving through a viscous fluid, i t  is  con- 
venient t o  utilize the simple approximations of slender-body 
resis t ive theory. If the tangential and normal  velocities relative 
to  the local fluid of a cylindrical body element of length ds a r e  
1 s  and In respectively, the tangential force exerted by the body 
element on the viscous fluid will  be d_Fs = Cs_Vsds with a s imi l a r  
expression for  the normal  force  d_Fn = CLVnds, where Cs and 
Cn a r e  the corresponding res i s t ive  force coefficients. 
The expressions fo r  the force  coefficients have received 
considerable attention by seve ra l  authors.  The original expres-  
sions given by Gray and Hancock (1955) were  fo r  an infinitely long 
circular  cylinder moving in a n  unbounded fluid. Cox (1 970) de- 
veloped slightly modified coefficients to account for other simple 
shapes. Recent work by Katz and Blake (1974) have yielded im- 
proved coefficients fo r  slender bodies undergoing smal l  amplitude 
normal  motions near a wall. Fo r  the purposes of the present  
investigation, however, initially, the force  coefficients developed 
by Chwang and Wu (1975) for  a very  thin ellipsoid of semi-major  
axis $L, and semi-minor axis r o  a r e  used. These  a r e  defined 
by 
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C = 477 y and C = 2TT y 
n l n ( L / r o )  t $ s l n ( L / r o )  - (4. 1) 
If we descr ibe the motion of a single cil ium with base fixed 
at the origin by a paramet r ic  position vector $(s, t )  specifying 
the position of the element ds of the cil ium identified by the a r c  
length s at  t ime t ,  then the force  exerted by the element ds on 
the  fluid i s  given by 
where  2 is  the local fluid velocity, which i s  inter-related t o  Fc, 
and  y = Cn/Cs. In the formula above a l l a t  provides the velocity 
of motion of the cil ium element a t  s and a l / a s  signifies the unit 
vector  tangential to  the longitudinal curve of the cil ium centroid. 
We a r e  thus left with the t a sk  of evaluating _Fc and then converting 
it to the body force  field. 
In order  to  apply the res i s t ive  theory in  determining the 
body force field _F, two difficulties must  be overcome. Equation 
( 4 . 2 )  descr ibes  the force exerted by an  element a s  a function of 
i t s  a r c  length s .  It i s  convenient t o  convert this Lagrangian de- 
scr ipt ion of the force to Euler ian  coordinates (i. e. to  express  the 
fo rce  a s  a function of X and Y) .  In addition, the force  exerted 
by an  element depends upon the local fluid velocity, which i s  ini- 
t ially unknown. Both of these fea tures  suggest a numerical i t e r a -  
t ion approach. 
While a detailed description of the numerical  approach i s  
beyond the scope of this paper,  a brief account of the scheme will 
b e  given. F r o m  equation (2. 1) i t  follows that 
Th i s  implies that if the body force  field were  known over one wave- 
length for  some (arb i t ra ry)  fixed t ime t then a l l  the force  co- 
o' 
efficients could be determined. In order  to  accomplish this for  
a given ci l iary beat pattern, an  analytical representation for  
5 (s,  t )  can be determined using a finite Four ie r  se r ies - leas t  
- 
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square procedure. (For  the details of this  procedure see  Blake 





where s n ( s )  = Z A s , b ( s )  = nzl$ns , with Ln n= 1-mn -n and 
B being constant vectors .  
-mn 
Once ( ( s ,  t )  i s  determined, an  initial body force  field can  
be e s t a b l i ~ h e ~ v i a  a "pigeon-ho1e"algorithm. Using equation (5. 2 ) ,  
the cil ia a r e  numerically distributed over one wavelength at a 
fixed t ime to and each cilium is  broken up into a finite number of 
segments.  Th.e Euler ian location of and the force  exerted by each 
segment a r e  then determined and s tored  (i. e. "pigeon-holed"). 
The force i s  evaluated using equation (4 .2 )  initially with c, the 
local fluid velocity, equal to zero. The zpproximation i s  made 
that the force exerted by each segment i s  located at the midpoint 
of that segment, so that the force  field can be represented by the 
expression 
where f .  i s  the force  exerted by the j-th ci l iary segment whose 
midpoind i s  located a t  (Xj, Y - )  and 3 i s  the total  number of seg- J 
ments  in  one wavelength. The  factor l / b  i s  to account for  ave r -  
aging in  th.e Z direction. 
Calculations of the body force  field can then be ca r r i ed  out 
by iteration. Equation (5. 3 )  i s  used in  equation (5. 1) to determine 
the Four ie r  force  coefficients _Fn (n > 0). These  coefficients, 
af ter  non-dimensionalization, a r e  then used in  equations (3. 15) 
and (3. 17) to determine a new local velocity field c. This  velocity 
field i s  used anew in the pigeon-hole algorithm t o  determine a new 
F(X, Y ,  t ) by computing new f . ' s .  The iterative process  i s  thus 
- 
r epea t e8  until the L j l s ,  and hedce the velocity field E converges. 
RESULTS 
Pre l iminary  calculations have been ca r r i ed  out on data 
obtained for  Opalina r ana rum and Paramecium multimicronucleatum. 
Although these  two organisms have been observed to have some- 
what th ree  dimensional beat patterns,  they were  chosen because 
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of the availability of the necessary  data and for  comparison with 
previous theoret ical  work. The raw planar beat patterns were  
taken f r o m  Sleigh (1968) and Figure  2 shows the resu l t s  of the 
Four ie r  s e r i e s  - l eas t  squares  procedure (see equation (5.2))  
with M = N = 3 f o r  opa i ina  and  M = N = 4 for  ~ a r a m e c i u m .  
The metachrony of Opalina i s  symplectic,  while Paramecium was 
regarded a s  exhibiting antiplectic metachrony, although i t  recently 
has  been reported to  be dexioplectic (Machemer (1972)). 
In order  to display the harmonic X-velocity components, 
it is convenient t o  wri te  t hem in  the f o r m  
U = Qncos(n$ t 6,). (n > l ) ,  where 
n (6. 1) 
Q n = c  14 I ,  and 
n Y 
F o r  a given value of Y ,  Qn i s  the amplitude of the nth harmonic 
X-velocity component, while en i s  the phase of the motion. This  
phase is such that Un is at  a maximum and in  the same direction 
a s  the mean flow when 4 = ( 2 h  - on)/n, while Un i s  a t  a maxi- 
m u m  and opposes the mean flow when 4 = [ (21-  IT - on] /n,  where 
Q is a n  integer. 
In performing the computations, besides the basic beat 
pattern, i t  was necessary  to specify the th ree  dimensionless para- 
m e t e r s  ka, kb, and kL. The  values of the parameters  were  
chosen to be consistent with the consensus of experimental obser -  
vations ( see  e. g. Blake and Sleigh (1974) and Brennen (1974)). 
The  values used for  ka and kb were  0.63 and 0. 13 for  Opalina 
and  0. 80 and 1.60 fo r  Paramecium.  Two values of the amplitude 
parameters  kL, to which the computations were  the most  sensi-  
tive, were  used for  each organism, these being 1.25 and 2. 50 for  
Opalina and 3. 00 and 6. 00 for  Paramecium.  Because of the ap- 
parent  rapid decay of the higher harmonics  and for  computational 
efficiency, only the f i r s t  harmonic was retained in computing the 
local velocity field U in t h ree  cases ,  however, the second har -  
monic was included for  Pa ramec ium with kL  = 3. 00. 
F igures  3 and 4 show the velocitv profiles for  U,. the 
mean  f luid velocity paral le l  to the wall, 'for Opalina and 5 a r a m e c i u m  
respectively. Also plotted a r e  the profiles given by Blake (1972) 
(dashed curve).  The velocities a t  infinity, UCO/c , which co r re -  
spond to the velocities of propulsion, a r e  seen  to ag ree  quite well  
with the observed values of 0. 5- 1. 5 for  Opalina and 1-4 for  
Pa ramec ium (Brennen (1 974)). Blake's calculations were  made 
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F i g u r e  3 .  Mean velocity p ro f i l e s  f o r  Opalina with k a  = 0. 63 and  
kb  = 0. 13. Dashed c u r v e  i s  f r o m  Blake (1972) f o r  which (ka)(kb) = 
0. 04. 
with the  quanti ty (ka)(kb) equa l  t o  0. 04 f o r  Opalina and 0. 00025 
f o r  P a r a m e c i u m  (both f a r  below the  r e p o r t e d  va lues )  s o  tha t  a 
d i r e c t  c o m p a r i s o n  i s  difficult.  While B lake ' s  r e s u l t s  indicate  a 
s l ight  backflow f o r  only the  ant ip lec t ic  c a s e ,  the  p r e s e n t  study 
indicates  a backflow i n  the  lower  half of the  c i l i a  l a y e r  f o r  both 
Opalina and P a r a m e c i u m  (for k L  = 6).  
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F i g u r e  4. Mean velocity prof i les  f o r  P a r a m e c i u m  with k a  = 0. 80 
and  kb = 1. 60. Dashed c u r v e  i s  f r o m  Blake (1972) f o r  which 
(ka)(kb) = 0. 00025. 
F i g u r e  5 shows the  ampl i tude of the  f i r s t  ha rmonic  velocity 
component U1 f o r  Opalina. T h e  l a r g e s t  osci l la tory  veloci t ies  
appear  t o  occur  a t  Y /L  = 6 and a r e  m o r e  than twice  the  m e a n  
flow i n  magnitude. In F i g u r e  6 the  ampl i tudes  of U1 fo r  kL  
equal  3 and 6 and  U2 f o r  k L  equal  3 a r e  shown f o r  P a r a m e c i u m .  
T h e  l a r g e s t  osc i l l a to ry  veloci t ies  occur  i n  the  upper p a r t  of the  
c i l i a  l a y e r  and a r e  about the  s a m e  magnitude a s  t h e  m e a n  flow. 
Note that  f o r  k L  = 3 t h e  ampl i tude of U2 i s  half that  of U1. 
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Figure  5. Amplitude profile for  the f i r s t  harmonic X-velocity 
component for  Opalina with ka  = 0. 63 and k b  = 0. 13. 
The corresponding 8,'s for  Figures  5 and 6 a r e  shown 
in F igures  7 and 8 respectively. The origin and the value of to 
(see the previous section) were  chosen so that 4 = 0 corresponds 
t o  a metachronal wave peak under which the cil ia a r e  in  the effec- 
t ive stroke. This i s  i l lustrated in  Figure 2 which can be regarded 
a s  a snapshot of the cilia a t  t = to. F o r  Opalina a t  Y / L  = 0. 5 
and 4 = 0 ,  U l / Q l  = cos(O1) equals approximately 1 for  kL = 1.25 
and 0 fo r  kL = 2. 5. This  means that U Z  i s  somewhat in  the 
s a m e  direction a s  the mean flow in the vicmity of the cil ia 
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Figure  6. Amplitude profiles for  nth harmonic X-velocity com- 
ponents for Pa ramec ium with ka = 0. 80 and kb = 1. 60. 
performing the effective stroke. However, above Y /L  = 0. 5 
U1 progressively tends to  oppose the mean flow. F o r  Pa ramec ium 
however, a t  Y / L  = 0. 5 and 4 = 0, Ul /Ql  equals - 1 for  both 
kL values. Thus, in  this case ,  U1 tends to  oppose the mean  
flow in the vicinity of the effective s t roke.  It is  a lso seen  that 
U2 (for kL  = 3 )  i s  in  the same  direction a s  the mean flow near  
the effective s t roke ( $ =  0) for  much of the cil ia layer.  
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F i g u r e  7. Varia t ion of e l ,  the  phase of the f i r s t  harmonic  X- 
velocity component, with Y /L  for  Opalina. 
SUMMARY 
The ma in  fea tu res  of the model  developed in  th is  paper a r e  
that i t  allows fo r  the l a rge  amplitude motion of c i l ia  and takes  in- 
t o  account the  osci l la tory a spec t s  of the flow. When applied to  
Opalina and Pa ramec ium,  a good ag reemen t  i s  found between theo-  
re t ical ly  predicted and exper imental ly  observed velocit ies of 
propulsion. The  amplitude of the  osci l la tory velocit ies i s  found 
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Figure 8. Variation of On, the phase of the nth harmonic X- 
velocity component, with Y / L  for  Paramecium. 
to  be of the same order  of magnitude a s  the mean flow within the 
cil ia layer  and to  decay exponentially outside the cil ia layer.  
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